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Chapter 4

Antennas
Antennas are fundamental components in wireless telecommunication systems. Information transfer between transmitter and receiver is carried out by free space propagation and antennas provide
the necessary coupling between circuits and open space. Even if at sufficiently high frequency any
circuit radiates electromagnetic energy, antennas are designed to do it in a particularly efficient
way.
Depending on the frequency range and on the applications, antennas may have very different
forms. If the frequency of operation is very small (and consequently the wavelength is very large)
ordinary antennas are forced to be electrically small for size limitation reasons. Usually they
are in the form of dipoles or loops constructed with metal wires or rods. They radiate energy
all around them and are in general inefficient. At intermediate frequencies, antennas can have
a size comparable with the wavelength: widespread is the use of λ/2 dipoles or λ/4 monopoles;
loops with one wavelength circumference are also used. These antennas are still not directive
but their efficiency is larger than that of small antennas. Directive antennas, i.e. such that can
radiate electromagnetic energy essentially in one direction, must be electrically large, hence are
practicable only at very high frequency. Typical examples are reflector antennas, which exploit
the same working principles of optical telescopes. Antennas for satellite telecommunication belong
generally to this class. Similar properties have antenna arrays: they consist of electrically large
periodic arrangements of small antennas (half-wave dipoles for example).
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In this chapter the main types of antennas will be described, but first the parameters necessary
to quantify their performance must be introduced

4.1

Antenna parameters

Antennas are used in transmit and in receive mode. Even if their behaviors in the two operating
modes are strictly related, they are characterized by different parameters.
Transmitting antennas behave as loads for their feeding transmission line, hence are characterized by an input impedance or a reflection coefficient. Moreover the power density radiated in the
various directions is different: parameters are necessary to describe this property.
Receiving antennas behave as generators as seen by the relevant receivers. Hence they can be
characterized by an internal impedance and by an open circuit voltage in a Thévenin equivalent
49
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circuit. Also, their sensitivity to waves incident from various directions is different and has to be
quantified.

4.1.1

Input impedance

Consider an antenna with a couple of terminals, such as the one on the left in Fig. 4.1 The input

Ia
Va
Γin

Figure 4.1. Left: wire antenna (dipole) with a couple of terminals at which voltage and current
can be defined. Right: horn antenna connected to a waveguide; in this case only the reflection
coefficient for the fundamental mode can be defined
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impedance is obviously defined as

Zin = Rin + jXin =

Va
Ia

The presence of a real part means that the active power (Pin ) is absorbed from the feeding line:
part of this is radiated away (Prad ) and the rest is dissipated into heat due to the limited metal
conductivity (Ploss ). The imaginary part of the input impedance is related to the energy stored in
the reactive fields in close proximity of the antenna structure. We can define the antenna radiation
efficiency by
Prad
(4.1)
η=
Pin
Obviously η ≤ 1. Microwave antennas have very high efficiency, η ' 1, but at a frequency of
100kHz it can be as low as η = 0.1.
Since Pin = 21 Rin |Ia |2 , it is customary to introduce the antenna radiation resistance as
Rrad =

2Prad
|Ia |2

and the efficiency can also be written as
η=

Rrad
Rin

Clearly the radiation resistance is an equivalent resistance and has nothing to do with the Joule
effect. Notice that there is no contradiction in the fact that radiation in a lossless medium is
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described by a resistance: indeed radiated power is irreversibly transferred from the generator to
infinity, just as electrical power flowing in a copper conductor is irreversibly transformed from
electrical to thermal nature. Notice also that there is no “radiation reactance”, because this is
a contradiction in terms. Indeed, radiation is related to a steady (one directional) energy flow,
whereas the input reactance is associated to the energy exchanged twice per period back and forth
between the antenna and the surrounding space. It turns out that the antenna behaves as a circuit
with many resonance frequencies, in correspondence of which the input reactance vanishes.
It is to be remarked that there is a relationship between the generalized dipole moment Pe (r̂)
and the radiation resistance Rrad , which originates from (3.37):
Rrad =

2Z0
4λ2 |Ia |2

Z

Z

2π

π

dϕ
0

|Pe (ϑ, ϕ)|2 sin ϑdϑ

(4.2)

0

In the case of the horn antenna shown in the right part of Fig. 4.1 the definition of an input
impedance is conventional, whereas the input reflection coefficient (for the fundamental mode) is
well defined and similar considerations can be carried out.

4.1.2

Radiation pattern, Directivity and Gain

Antennas radiate the power they get from the transmitter with different density per unit solid
angle in the various directions . The radiation pattern is a polar plot of this density and has the
form of a surface as shown in Fig. 4.2: for each direction ϑ, ϕ, a point is defined at a distance r
from the origin proportional to dPrad /dΩ. The set of all these points has the characteristic shape
shown in the figure. The antenna is moderately directive and exhibits a major lobe (or main
lobe) and a number of minor lobes (side lobes) Associated to the antenna is a spherical coordinate
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system that is the most appropriate to describe the field radiated in the Fraunhofer region (far
field region). A sphere is shown with radius greater than the Fresnel distance and an elementary
patch on it dΣ. Since dΣ = r2 dΩ, we can say that the radiation pattern is a plot of dPrad /dΣ
as the patch dΣ sweeps the spherical surface. The figure shows also the three basis vectors in a
particular observation point.
Often two-dimensional patterns are used to describe the characteristics of an antenna, instead
of the three-dimensional one. An example is shown in Fig. 4.3. The patterns are always normalized
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Figure 4.3. Normalized two-dimensional patterns. (a) is a polar plot of the field magnitude in
linear scale. (b) is a polar plot of the power density in linear scale. (c) is a polar plot of the power
density in dB. In each plot the Half Power Beam Width (HPBW) is indicated. The lobes are marked
alternatively by a plus and a minus to indicate that the field has a phase 0 and π rad, respectively

Smartzworld.com

4

jntuworldupdates.org

Smartworld.asia

Specworld.in

53
to the maximum. Sometimes field patterns instead of power patterns are used: to appreciate the
relationship between the two it is to be remembered that the power density is proportional to the
square of the field. Thus in a power pattern using linear scales, sidelobes become less visible. On
the contrary, a dB scale makes sidelobes more visible. It is clear that the normalized field pattern
coincides, apart for a scale factor, with the polar plot of Pe (ϑ, ϕ), shown in Fig. 3.9.
An important characteristic of a pattern is the width of the main lobe. Usually the Full
Half Power Beam Width (FHPBW) is used for this purpose. The main lobe may be rotationally
symmetric or not. In the latter case two FHPBW must be specified, relative to two orthogonal
planes. If the field radiated along the axis of the main beam is linearly polarized, these planes are:
• the E-plane, defined by the main lobe axis and the E vector
• the H-plane, defined by the main lobe axis and the H vector
The directivity of an antenna is a function of ϑ, ϕ defined as the ratio between the radiation
intensity for that direction and the average of the radiation intensity over all directions. The
average is simply obtained as the ratio between the total radiated power and the total solid angle.
Hence:
¯
dPrad ¯¯
dΩ ¯(ϑ,ϕ)
(4.3)
d(ϑ,ϕ) =
Prad
4π
The denominator can also be interpreted as the radiation intensity that would be produced by
a (hypothetical) isotropic radiator, radiating the same total power as the actual antenna. The
directivity is a pure number and its polar plot coincides with the power pattern, apart for a scale
factor. The maximum value of the directivity function, i.e. the one corresponding to the main
lobe direction, is called simply the antenna directivity, typically expressed in dB:
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D = 10 log10 max d(ϑ,ϕ)

A property of the directivity function is that its average value over all directions is one. Indeed
Z
Z
dPrad
1
1 1
1 1
Prad = 1
d(r̂)dΩ =
dΩ =
P
4π
4π rad
dΩ
4π Prad
4π
4π
A small antenna has in general low directivity. By definition, an isotropic radiator, has unit
directivity. It can be proved that such an antenna is not physically realizable. Using (3.19) we find
that elementary dipoles have directivity D = 3/2. Because of the previous property, an antenna
with large directivity has necessarily a narrow main lobe and viceversa.
Closely related to the directivity is the gain of an antenna. The definition is
¯
dPrad ¯¯
dΩ ¯(ϑ,ϕ)
g(ϑ,ϕ) =
Pin
4π
This means that the radiation intensity in a given direction is compared with the radiation intensity
that would be produced by a lossless isotropic radiator fed with the same input power as the actual
antenna. Hence the plots of both the directivity and gain functions are normalized power patterns,
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the difference being just the normalization factor. The directivity is a purely geometrical parameter,
whereas gain takes also antenna efficiency into account. Recalling (4.1), we find that
g(ϑ,ϕ) = ηd(ϑ,ϕ)
Sometimes gain and directivity are defined as ratios of power densities per unit surface, produced
at the same distance r by the actual antenna and by the isotropic radiator:
¯
dPrad ¯¯
dΣ ¯(ϑ,ϕ)
g(ϑ,ϕ) =
(4.4)
Pin
4πr2
As for the directivity, when a single number is indicated as the gain of an antenna, it is meant to
be the maximum gain, usually expressed in dB:
G = 10 log10 max g(ϑ,ϕ)
A useful approximate formula allows to estimate the maximum directivity. If the antenna is very
directive, and the side lobes can be neglected,
D'

32400
Θ1d Θ2d

where Θ1d , Θ2d are the FHPBW (in degrees) in two orthogonal planes

4.1.3

Effective area, effective height
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An antenna in receive mode behaves as a generator for the receiver, as shown in Fig. 4.4. The wave
incident on it is generally a spherical wave, but since it is produced by a very far away transmitting
antenna, it can be approximated by a plane wave in the neighborhood of the receiving antenna.
It turns out that if the polarization of this plane wave is changed while the incidence direction is
kept fixed, the received power changes. In other words, the sensitivity of the receiving antenna
depends also on the polarization of the incident field. This concept may seem obvious in the case
of the wire antenna. Since the current on it can flow only in the direction of the wire and since this
current is produced by the incident electric field that applies forces on the electrons in the metal
and sets them in oscillation, it is to be expected that the antenna response is maximum when the
electric field is parallel to the wire. The aperture antenna is apparently symmetrical, hence this
property is not so clear. The explanation is that even though the feeding waveguide is circular,
only one well defined polarization is used, which is fixed by the waveguide-coaxial cable transition,
not shown in the figure.
The internal impedance of the equivalent generator is denoted by Zg . It can be proved, by
means of the theorem of reciprocity, that Zg coincides with the input impedance Zin of the same
antenna when used in transmit mode. The generator itself can be characterized by means of
the available power or by means of the open circuit voltage Vg . As a consequence, two antenna
parameters can be defined.
The effective area (or equivalent area) in a particular direction is the ratio of the available power
at the output terminals to the power flux density (per unit surface) of a plane wave incident from
that direction, the incident wave being polarization matched to the antenna:
Aeq (ϑ,ϕ) =
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Ei
+

(ϑ , ϕ )

Vg

Zg

(a)
(c)

Ei

(ϑ , ϕ )

(b )
Figure 4.4. Receiving antennas and their equivalent circuit. (a) Wire antenna with an incident
plane wave coming from direction (ϑ,ϕ). (b) Horn, as an example of an aperture antenna, with an
incident plane wave. (c) Thévenin equivalent circuit of both types of antennas
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where it is understood that the maximization regards only the polarization of the incident wave.
The effective length (or effective height) in a particular direction is the ratio of the open circuit
voltage at the output terminals to the magnitude of the electric field of a plane wave incident from
that direction, the incident wave being polarization matched to the antenna:
hef f (ϑ,ϕ) =

max Vg
|Ei ||(ϑ,ϕ)

Note that the effective height is a vector quantity: its direction is that of the incident electric field
that is polarization matched to the antenna. Hence the effective height defines the polarization of
the antenna in receive mode.
As a matter of principle, both parameters can be used to describe both types of antennas.
However, it is clear the equivalent area is concept is more appropriate for aperture antennas and
the effective height is more appropriate to wire antennas. Actually it is customary to define an
aperture efficiency ν
max Aeq (ϑ,ϕ)
νa =
Ag
where Ag is the area of the geometrical aperture and the maximization is performed with respect
to the direction of the incoming plane wave. Likewise the length efficiency of a wire antenna is
defined by
max hef f (ϑ,ϕ)
νl =
`g
where `g is the length of the antenna.
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In general the theorem of reciprocity allows to establish a relationship between the receive
mode and transmit mode properties of a same antenna. It can be shown that the effective area is
connected to the gain by
λ2
g(ϑ,ϕ)
Aeq (ϑ,ϕ) =
(4.6)
4π
and that the effective height is connected to the generalized electric dipole moment by
1
Pe (ϑ,ϕ)
Ia

hef f (ϑ,ϕ) =

(4.7)

From this we learn that the polarization of an antenna in receive mode, relative to a particular
direction, coincides with the polarization of the electric field radiated in that direction by the same
antenna in transmit mode.
From an application point of view, it is useful to compute the equivalent generator in the case
the incident wave is not polarization matched. If p̂T X , p̂RX are the polarization unit vectors of
the incident wave and of the receiving antenna, respectively, it can be shown that
Vg = hef f (ϑ,ϕ)|Ei |p̂T X · p̂RX
and
Pavail = Aeq (ϑ,ϕ)

¯
dPinc ¯¯
2
|p̂T X · p̂RX |
dΣ ¯(ϑ,ϕ)

(4.8)

(4.9)

Notice that the polarization of the incident wave has been denoted by p̂T X , because this is exactly
the definition of the polarization of the transmitting antenna that produces this wave.
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Several relationships exist among the various parameters introduced up to now.
• Radiation resistance
From (4.2)

Rrad

2Z0
=
4λ2

Z

Z

2π

dϕ
0

π

|hef f (ϑ, ϕ)|2 sin ϑdϑ

(4.10)

0

• Effective height and gain.
Recall the definition of gain (4.4) and (3.40)
¯
¯
|E|2 ¯¯
dPrad ¯¯
dΣ ¯(ϑ,ϕ)
2Z0 ¯(ϑ,ϕ)
=
g(ϑ,ϕ) =
Pin
Pin
2
4πr
4πr2

(4.11)

Moreover, from (3.39) and (4.7)
1 Z0 |Ia |2
dPrad
=
|hef f (ϑ, ϕ)|2
dΣ
2 4λ2 r2
and Pin = 21 Rin |Ia |2 . Substituting we get
g(ϑ,ϕ) =
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• Equivalent area and effective height.
From (4.9) the available power is
Pavail = Aeq (ϑ,ϕ)

1 |Ei |2
2
|p̂T X · p̂RX |
2 Z0

From the equivalent circuit of Fig. 4.4, we have
Pavail =

1 |hef f (ϑ,ϕ)|2 |Ei |2 |p̂T X · p̂RX |2
1 |Vg |2
=
2 4Rg
2
4Rin

From the comparison between the two, the desired relationship follows
Aeq (ϑ,ϕ) =

Z0
|hef f (ϑ,ϕ)|2
4Rin

This relationship could also be derived by direct application of (4.6)on (4.12).
• Directivity and effective height.
From (4.3), (3.38) and (4.7), we get
¯
dPrad ¯¯
1 Z0 |Ia |2
|hef f (r̂)|2
¯
dΩ r̂
2
2
4λ
=
d(r̂) =
Z
Prad
1 Z0 |Ia |2 1
|hef f (r̂)|2 dΩ
4π
2 4λ2 4π
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and cancelling common factors

d(r̂) =

|h (r̂)|2
Z ef f
1
|hef f (r̂)|2 dΩ
4π

• Radiated electric field.
From (3.33)
E(r) ∼ −j

Z0 Ia exp(−jk0 r)
|hef f (r̂)| p̂T X
2rλ

Now invert (4.12)
Z0 Ia exp(−jk0 r)
E(r) ∼ −j
λ
2rλ

r

Rin
g(r̂) p̂T X
πZ0

and use again Pin = 21 Rin |Ia |2 to find
E(r) ∼ −j

4.2

Z0 exp(−jk0 r)
2r

r

2Pin
g(r̂) p̂T X
πZ0

Friis transmission formula

When designing a radio link the fundamental problem is to compute the received power knowing
the transmitted power, the characteristics of the antennas and their distance. The solution is given
by Friis formula, that we derive.
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Pin

Pavail

GTX pˆ TX

GRX pˆ RX

R
Figure 4.5.

Geometry for the Friis transmission formula

Consider a transmitting antenna with gain GT X in the direction of the link and polarization
unit vector p̂T X , fed with the power Pin , as shown in Fig. 4.5. Let GRX , p̂RX , the corresponding
parameters of the receiving antenna, placed at a distance R from the transmitting one. This
distance must be large enough so that the two antennas are one in the far field region of the other.
This condition is always satisfied in all common situations. In the cases where the relative distance
is small, Friis formula must be substituted by a more complex one.
From the definition of equivalent area (4.5) we can relate the available power at the output port
of the receiving antenna to the incident power flux density
Pavail = Aeq

dPinc
2
|p̂T X · p̂RX |
dΣ

Now the incident power flux density is created by the transmitting antenna and we can relate it
to the input power to the transmitting antenna via the definition of gain (4.4)
dPrad
dPinc
Pin
=
= GT X
dΣ
dΣ
4πR2

hence
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Pin
2
|p̂T X · p̂RX |
4πR2
It is convenient to express the effective area of the receiving antenna in terms of its gain by (4.6),
so that the Friis formula reads
Pavail = Aeq GT X

GT X GRX
2
Pavail = Pin µ
¶2 |p̂T X · p̂RX |
4πR
λ

(4.13)

This result is remarkably simple and one could be perhaps kind of astonished, after having seen
the complicated equations yielding the field radiated by an antenna, e.g. (3.33) and (3.34). The
explanation, however, is straightforward: all the complications are hidden in the gains of the
antennas (see (4.12)), whose definition was exactly conceived with a view to a simple form of the
Friis transmission formula!
However, it must be remarked that the gain of an antenna can be measured fairly easily as
suggested by (4.13). First two identical antennas are placed one in front of the other at a convenient
distance. Then the received power is maximized by changing the polarization of the transmitting
antenna: in the case of linearly polarization, this requires just a rotation of the antenna around its
axis. Finally, from a measurement of the input power to the T X antenna and of the received power,
it is simple matter to obtain the maximum gain of each antenna. If this operation is repeated for
all frequencies in a band, a calibrated reference antenna has been obtained. This can now be
used to measure another antenna, whatever its characteristics, by the same technique. Also, if the
reference antenna is kept fixed while the antenna under test is rotated, as shown in Fig. 4.6, its
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ϑ
ƌĞĨĞƌĞŶĐĞ
ĂŶƚĞŶŶĂ

ĂŶƚĞŶŶĂ

ƵŶĚĞƌƚĞƐƚ

Figure 4.6. Measurement of the radiation pattern of an antenna under test by means of
a calibrated reference antenna

gain function is measured for any direction ϑ, ϕ. Of course, the spherical coordinate system is
attached to the rotating antenna, so that the line joining the two antennas has the direction ϑ, ϕ
in this reference.

4.3

Examples of simple antennas

We describe in the following a few types of antennas, commonly used in the applications. The
structures we describe are made of metal, whose conductivity is so high that, as far as the computation of the radiation pattern is concerned, can be considered infinite. Wire antennas have a
pair of terminals that are connected to a transmission line. When the antenna is in operation,
it absorbs a current Ia from the transmission line, which then gives rise to a current distribution
J on the surface of all the parts of the antenna. This current is the source of the radiated field
and Eq.(3.34) allows us to compute it. We face two problems here, however. When (3.34) was
derived, it was assumed that the current distribution J(r) was radiating in free space and not
in presence of the metal structure. Indeed, the Green’s function we have found in section 3.1 is
that of free space. The second problem is that the distribution J(r) is not known, because it is
not under our direct control. When we solved the radiation problem, we assumed to know the
current distribution and, on the basis of that, we were able to compute the radiated field. In the
antenna case, the only thing that we can control is Ia but nothing else. Hence the question arises:
according to what rule does the current distribute on the parts of the antenna? The answer lies
in the boundary conditions that we introduced in (1.16): the current distribution has such a form
that the radiated electric field has zero tangential component on the antenna surface. In this way
all the electromagnetic field components in the perfect conductor are zero, as they should be. It
is clear that this prescription does not help us very much in finding the expression of J(r), since
mathematically it entails the solution of a complicated integral equation! However, we have the
answer to the first question we asked above. Indeed, if the electromagnetic field inside a volume
is zero, we can freely change the constitutive relations of the material in that volume. A similar
situation exists in circuit theory. Suppose that in a circuit the element ZL is connected between
nodes A and B and suppose it is known that both the current IA and the voltage VAB are zero.
Ohm’s law VAB = ZL IA becomes the identity 0 = ZL · 0, which is satisfied for any ZL . Hence the
value of this impedance can be changed and chosen at will, without affecting the rest of the circuit.
Similarly, in the electromagnetic case, if both the electric and magnetic fields in the metal are zero,
the metal can be substituted with any other dielectric, without any consequences in the rest of
the structure. The only sensible choice in this case is to substitute the metal with free space, so
that the medium is altogether homogeneous and the free space Green’s functions (3.8) can be used
safely to compute the radiated field everywhere and in particular in the far field region.
To better appreciate what we have found, consider another case, where a given source J(r), for
instance an electric dipole, is supposed to radiate in presence of a metal sphere, placed at a certain
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distance. In this case the metal cannot be substituted with free space, because the given source is
arbitrary and does not produce zero field in the region occupied by the metal. Nevertheless, if the
metal is a perfect conductor, the field there is zero, but then it is the Green’s function that takes
care of that. In conclusion the Green’s function to be used in this case is not the free space one
and
Z
E(r) = −jωµ G(r,r0 ) · J(r0 )dr0
Note that this is not a convolution integral, because the Green’s function G(r,r0 ) depends on the
coordinates of both the source r0 and the field point r separately and not only on their difference
r − r0 : this is an obvious consequence of the fact that the system is no longer space invariant, i.e.
free space containing the metal sphere is no longer homogeneous.
Another way to look at this problem is to fix the attention on the current distribution JΣ that is
induced on the surface of the sphere. The form of it is such that the total electric field radiated by
J(r) and JΣ has zero tangential component on the PEC sphere. Then, as before, since the total E
field in the metal sphere is zero due to the current distribution, we can substitute the metal with
free space and use the free space Green’s function. In conclusion we have two alternatives:
• use only the independent current distribution, but use a complicated Green’s function (generally not known explicitely) to enforce the vanishing E field in the metal
• introduce also the unknown induced current distribution, but use the free space Green’s
function to compute the radiated field
In the following applications we will always use the second approach.
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These simple considerations are formulated in a more rigorous form by the equivalence theorem.

4.3.1

Wire antennas

Consider an antenna made of a metal wire of small diameter and with a shape described by the
parametric equation r = rγ (s), where s is the arc length parameter. Let I(s) be the electric current
distribution on it (measured in A). The electric current density can be written

s

ŝ

I (s)

P
rγ ( s)

r
O
Figure 4.7.

Wire antenna of shape r = rγ (s). P is the field point

J(r) = I(s)δ(r − rγ (s))ŝ
where ŝ is the unit vector tangent to the curve, δ is a 2D Dirac delta function with support on
the curve r = rγ (s). Its role is to express mathematically the statement that the current flows on
a wire of negligible diameter. The magnetic current for this source is obviously zero. This is the
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Figure 4.8.
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(b )

Linear antenna. (a) Actual shape. (b) Computational model

current that was called JΣ above. Rigorously, its expression should be found by solving an integral
equation, but sometimes it can be estimated with reasonable accuracy.
If we want to compute the electromagnetic field radiated in the far field region, it is enough to
evaluate the generalized electric dipole moment of this source. According to the definition (3.34):
Z
Z sb
0
0
Pe (r̂) = Itr · I(s)δ(r − rγ (s))ŝ exp(jk0 r̂ · r )dr = Itr ·
I(s)ŝ exp(jk0 r̂ · rγ (s))ds (4.14)
sa
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The integration limits define the beginning and the end of the wire. This is a very general formula,
which can be applied for any shape of the wire and any current distribution on it. In general the
integral has to be evaluated by numerical quadrature, but there are some cases in which a closed
form result is obtained.
Short dipole
As a first example we consider a rectilinear antenna of length `, as shown in Fig. 4.8. The current
distribution is I(z) can be assumed to be constant if ` ¿ λ, say ` ≤ λ/10. This simple antenna
is called short dipole or Hertzian dipole. Sometimes two small spheres or plates are added to the
wire ends to help creating a constant current distribution. In this case
s=z
Hence

ŝ = ẑ
Z

`/2

Pe (r̂) = Itr · ẑ

r̂ · rγ (s) = z cos ϑ

I(z) = Ia
Z

Ia ejk0 z cos ϑ dz = −ϑ̂ sin ϑIa

−`/2

`/2

ejk0 z cos ϑ dz

−`/2

Here we have used
Itr · ẑ = (ϑ̂ϑ̂ + ϕ̂ϕ̂) · ẑ = −ϑ̂ sin ϑ
recalling (A.4). The integral is
Z

`/2

jβz

e
−`/2

Smartzworld.com

¯`/2
ejβ`/2 − e−jβ`/2
2j sin(β`/2))
sin(β`/2))
ejβz ¯¯
=
=
=`
dz =
¯
jβ −`/2
jβ
jβ
(β`/2)
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Figure 4.9.

Plot of the function FE (x)

It is useful to introduce the function FE (x), shown in Fig. 4.9:

smartworlD.asia
FE (x) =

sin x
x

(4.15)

Note that FE (x) is even and vanishes for x = nπ, n = 1,2, . . .. Moreover the side lobes are about
13.4 dB below the maximum.
In conclusion, the required dipole moment is
Pe (r̂) = −ϑ̂ sin ϑIa `

sin(k0 ` cos ϑ/2))
= −ϑ̂ sin ϑMe FE (k0 ` cos ϑ/2)
(k0 ` cos ϑ/2)

where we have introduced the dipole moment Me = Ia `. The maximum value of the argument of
FE is π`/λ, which is very small, so that FE ' 1 and the Hertzian dipole has the same pattern
as the elementary dipole. Notice that the previous formula can be used for any value of `, even
greater than λ. However, if the antenna is long, the current I(s) cannot be assumed to be constant
and the previous formulas are no longer applicable. We list here the main properties:
• The effective height (4.7) is
hef f (ϑ,ϕ) = −` sin ϑ ϑ̂
• The radiation resistance is, see (4.10) and (3.17)
Rrad =

2π
2Prad
= Z0
2
|Ia |
3

µ ¶2
`
λ

For example, if ` = λ/20, the radiation resistance is Rrad ' 2Ω. This means that a fairly
large current Ia ' 10 is necessary to radiate a power Prad = 100W.
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If we want to estimate the efficiency of short dipoles we have to compute the dissipated
power. It can be proved that the resistance per unit length of a wire with radius rw , length
` and conductivity γ is
1 1
Rdiss =
γ 2πrw δ
where the denominator of the second fraction is an estimate of the area of the annulus with
radii rw and rw − δ, with δ denoting the skin depth (see(2.20)), in the assumption of well
developed skin effect δ/rw ¿ 1. Consider for example a dipole with length ` = 1 m for
frequencies in the range between 100kHz and 30MHz, for which `/λ varies between 3.3 · 10−4
and 0.1, so that the dipole is always short. Fig. 4.10 shows plots of radiation resistance Rrad
and of wire resistance Rdiss in the case the wire radius is rw = 1mm. Notice that in this
frequency range, the skin depth δ varies between 0.2 and 0.01 mm. Fig. 4.11 shows a plot
Radiation and loss resistance [Ω]
2.5

2
(a)
1.5

1

0.5

smartworlD.asia
(b)

0

0.02

0.04

0.06

0.08

0.1

L/λ

Figure 4.10.

Plot of Rrad (a) and Rdiss (b) in the case of a short dipole with radius rw = 1 mm

of the efficiency for the same short dipole, when the wire radius is rw = 1, 3, 5 mm. We
see clearly that the the efficiency η of very short dipoles can be very low, but is almost 1 for
dipoles about λ/10.
• The directivity is the same as that of the elementary dipole: recalling (4.3),(3.19), (3.17), we
find
¯
dPrad ¯¯
Z0 Me2
sin2 ϑ
dΩ ¯(ϑ,ϕ)
2
3
4λ
=
= sin2 ϑ
d(ϑ,ϕ) =
2
Prad
2
1 Z0 Me 2π 1
4π
2 3λ2 4π
Hence the maximum directivity is D = 1.5 and the maximum gain G = 1.5η.
Half-wavelength dipole
We consider now a dipole whose length L is comparable with the wavelength. In this case we
cannot suppose that the current I(s) is constant. It can be shown that a good approximation of

Smartzworld.com

15

jntuworldupdates.org

Smartworld.asia

Specworld.in

64

efficiency
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Figure 4.11.
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Plot of the short dipole efficiency. (a) rw = 1 mm, (b) rw = 3 mm, (c) rw = 5 mm

the current distribution is
I(z) =

Ia
sin k0
sin k0 L/2

µ

L
− |z|
2

¶
for

−

L
L
≤z≤
2
2

This current distribution is shown in Fig. 4.12 for two lengths of the dipole, i.e. for L = λ/2 and
3λ/2: if the geometrical length of the wire is the same in the two cases, the frequency in the second
case is three times the one in the first case. Note that the current is zero at the dipole ends, since
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Figure 4.12. Plot of the current distribution on a dipole λ/2 and 3λ/2 long. A sketch of the dipole
is superimposed on the current plot

no plates (with the goal of providing capacitance) are present there, as in the case of the Hertzian
dipole. It can be shown that the generalized dipole moment, computed by (4.14) is
Pe (ϑ,ϕ) = −λIa
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Figure 4.13.

Plot of the function FH (x)

The case of particular interest in the applications is that of L = λ/2, i.e. the half wave dipole.
The relevant generalized dipole moment is

smartworlD.asia
Pe (ϑ,ϕ) = −λIa sin ϑ

cos(π cos ϑ/2)
ϑ̂
π sin2 ϑ

that we write as

³π
´
2
cos ϑ ϑ̂
Pe (ϑ,ϕ) = −λIa sin ϑ FH
π
2
where the function FH (x) is defined by
FH (x) =

cos x
µ ¶2
2x
1−
π

(4.16)

and its plot is shown in Fig. 4.13 Note that FH (x) is even and vanishes for x =
n = 1,2, . . .. Also, the side lobes are about 23 dB below the maximum.

(2n + 1)π
,
2

The maximum value of the argument of FH is π/2, reached for ϑ = 0. The pattern turns out
to be slightly more directive than that of the elementary dipole, as shown in Fig. 4.14 The main
properties of the half-wavelength dipole are
• Maximum directivity D = 1.643, to be compared with that of the elementary dipole D = 1.5.
• Full Half Power Beamwidth =78◦ , to be compared with 90◦ of the elementary dipole.
• Radiation resistance Rrad ' 73 Ω. This is the most important property of half-wavelength
dipole antennas. Indeed, matching to transmission lines that typically have characteristic
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Figure 4.14. Directivity pattern of the λ/2 dipole (solid line) and of the elementary
dipole (dashed line). The maximum directivity is D = 1.643 for the λ/2 dipole and
D = 1.5 for the elementary dipole.
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impedance Z∞ = 50 Ω or Z∞ = 75 Ω is very simple. Moreover, to radiate a power Prad =
100 W requires only a current Ia = 1.65 A instead of 10 A, as in the case of the λ/20 dipole
previously examined. Hence, the efficiency is higher. Finally, note that if the radiation
resistance of the half-wavelength dipole is computed according to the equation derived for
short dipoles, the value Rrad = 197 Ω is obtained. The difference is due to the different
current distribution I(z) assumed in the two cases.
It is to be remarked that the dipole antenna requires a balanced feeding transmission line, such
as a twin-lead one (two-wire transmission line). A coaxial cable is an inherently unbalanced line:
if the inner conductor is connected to a dipole arm and the outer to the other, the result is that an
unwanted current flows to ground on the outer surface of the outer conductor, with a degradation
of the antenna performance. To avoid this phenomenon, a balun (balanced to unbalanced) must
be placed between the coax and the dipole.
ŵŽŶŽƉŽůĞ

L=

λ
4
ŐƌŽƵŶĚƉůĂŶĞ

ĐŽĂǆ

Figure 4.15. Half-wavelength dipole realized by a λ/4 monopole on a metal ground plane and fed
by a coaxial cable, whose outer conductor is bonded to the plane.
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Sometimes a half-wavelength dipole is realized in the form of a λ/4 long monopole, mounted
perpendicularly to a metal ground plane, as sketched in Fig 4.15. If this ground plane were infinite,
image theorem would guarantee the perfect equivalence. In practice some degradations occur.
Loop antenna
Loop antennas are generally classified into two groups, electrically small or large depending on
whether the circumference is smaller than λ/10 or larger, up to one wavelength. If the loop is
small, its actual shape plays no role: circular, square or elliptical loops have the same radiation characteristic of an elementary magnetic dipole, directed perpendicularly to the loop plane.
Moreover, radiation is maximum in the loop plane. As the circumference is increased toward one
wavelength, the maximum of the pattern shifts from the plane of the loop to the direction of the
axis.
Small loops are very poor radiators, because of their very low radiation resistance. Radiation
resistance can be increased up to a value comparable to that of typical transmission lines by
increasing the number of turns or by winding the loops on a ferrite core.
Concerning the equivalence between small loops and magnetic dipoles, it can be shown that
the magnetic dipole moment of a loop embracing a surface S, on which the current distribution is
constant and equal to Ia , is
2π
Z0 SIa
Mm = jωµSIa =
λ
Then the radiated fields can be computed by means of (3.23). As it was explained in detail there,
the radiation pattern of the magnetic dipole is the same as that of the electric one. The difference
is in the fields: the magnetic dipole radiates a magnetic field with ϑ (dominant in far field) and r
components, and an electric field with only a ϕ component, parallel to the loop plane.
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The radiation resistance is computed, according to the definition, by means of (3.24):
Rrad

2π
2Prad
= Z0
=
2
|Ia |
3

µ

kS
λ

¶2

µ

= 20π

2

C
λ

¶4

If the loop antenna is made with N turns, the previous radiation resistance has to be multiplied
by N 2 . Indeed, the N -turns coil with a current Ia is equivalent to a single coil with current N Ia ,
which radiates a power N 2 larger than the single turn one.
As an example, an antenna made of N = 100 turns with radius a = 1 cm at f = 300 MHz has
a radiation resistance Rrad = 30.7 Ω, whereas the single coil one has only Rrad = 30.7 · 10−4 Ω!
The maximum directivity of the small loop is the same as that of the elementary dipole, i.e.
D = 1.5.

4.3.2

Aperture antennas

Aperture antennas are completely different from wire antennas. They are still made of metal
parts, and we can consider the currents flowing on them as responsible for the radiated fields.
However, these antennas are characterized by the presence of apertures, as in the case of horns
and paraboloids, as shown in Fig. 4.16 and Fig. 4.17. Actually, a paraboloid is just a mirror and
typically is used in conjunction with a horn, placed in the focus, that acts as a feed, as sketched
in Fig.4.17. In the case of aperture antennas, one can estimate the fields on the aperture with
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Figure 4.16.

Examples of horn antennas, connected to rectangular and circular waveguides.

ĂƉĞƌƚƵƌĞ
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Figure 4.17. Front fed paraboloid. The aperture is the circle defined by the dish rim and the plane
Π is to be considered in contact with it.

reasonable accuracy, while the currents on the metal parts can be very difficult to guess. By means
of the equivalence theorem it is possible to represent the aperture fields in terms of equivalent
sources, which are responsible for the radiated fields.
Rectangular horn antenna
Horns are always fed by a waveguide of convenient cross section, generally rectangular or circular.
Waveguides are used invariably in single mode operation, so that their cross section has a size less
than one wavelength. For this reason a truncated waveguide is a very poor radiator:
• the mode of propagation approaching the waveguide end suffers a fairly large reflection coefficient
• the radiation pattern is very wide
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In practice a horn carries out a slow transformation of the waveguide cross section into a larger
one, so that both problems are solved at the same time. In the case of a pyramidal horn fed by a
rectangular waveguide the aperture electric and magnetic fields are assumed to be
³ πx ´
E(x,y) = E0 cos
ŷ
A
³ πx ´
1
E0
cos
H(x,y) =
ẑ × E(x,y) = −
x̂
(4.17)
Z0
Z0
A
A
B
B
A
and −
≤y≤
for − ≤ x ≤
2
2
2
2
where the aperture is rectangular with sides A and B, as shown in Fig. 4.18. This field distribution
is real because the phase error has been neglected for simplicity. This phase error takes into account
the fact that the wavefront propagating in the horn is spherical instead of plane, as assumed here.
The electric field distribution is that of the fundamental mode of the feed rectangular waveguide,
mapped smoothly onto the aperture. The magnetic field would be also that of the fundamental
mode if the wave impedance were substituted by the modal impedance. The use of Z0 is more
accurate for apertures with size greater than 2-3 λ. A plot of the normalized field distribution
is shown in Fig. 4.19 It can be shown that the generalized dipole moment of this horn has the

y
B
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x

A

Figure 4.18.

Rectangular horn aperture, with sides A and B.

expression (valid only in the front half space z ≥ 0, i.e. 0 ≤ ϑ ≤ π/2))
Pe (ϑ,ϕ) = −2Y0 E0 AB cos2

ϑ 2
FH (ηx ) FE (ηy ) p̂
2 π

with
πA
sin ϑ cos ϕ
λ
πB
sin ϑ sin ϕ
ηy =
λ

ηx =

where the functions FE and FH were introduced in (4.15) and (4.16) and the polarization unit
vector p̂ is given by
p̂ = sin ϕ ϑ̂ + cos ϕ ϕ̂
Fig. 4.20 helps in understanding the definition of p̂. The rectangle is the horn aperture, seen
from a point on the z axis. The circle indicates a cone of directions with the same ϑ (assumed
to be very small) and different ϕ: in each point the local p̂ is shown. It appears to be parallel
to ŷ, but actually is tangent to the sphere through the observation point. figura diagramma horn
polarizzzione 3D bis This is more clearly indicated in Figs. 4.21,4.22 from two different views.
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Figure 4.19.
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Horn normalized aperture field distribution.
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ϑ = const
Figure 4.20.

Polarization vector p̂ for small ϑ.

The plane x,z (ϕ = 0,π) is called H plane because it contains the H field; similarly, the plane
y,z (ϕ = π/2,3π/2) is called E plane because it contains the E field.
An example of 3D field pattern for a horn with size A = 2λ, B = λ is shown in Figs. 4.23. For
better clarity a cartesian diagram is used, hence the z coordinate (vertical axis) shows |Pe (ϑ,ϕ)|.
The angles ϑ, ϕ define a unit vector ŝ and its x and y components are used as coordinates in the
horizontal plane: sx = sin ϑ cos ϕ and sy = sin ϑ sin ϕ. The polar coordinates in this plane are
sρ =

q
s2x + s2y = sin ϑ and

ϕ

As a consequence, the limiting circle with unit radius in the horizontal plane corresponds to
ϑ = π/2.
Fig. 4.24 shows the field pattern of the same horn in the standard polar diagram. The aperture
is also shown.
An example of a more directive horn, with A = 4λ and B = 4λ is shown in
Figs. 4.25, 4.26.
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Figure 4.21.

Polarization vector field p̂ drawn on the half sphere of directions.
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Figure 4.22.

Polarization vector field p̂ drawn on the half sphere of directions.

Two dimensional plots are easier to use. Figs. 4.27, 4.28 show the plots of the functions FE (ηy ),
FH (ηx ) in dB scale. The corresponding plots in linear scale are shown in Figs. 4.29, 4.30.
The E plane pattern has a number of side-lobes that increases with B/λ: indeed, the maximum
value of ηy is πB/λ. The first side-lobe is near ηy = 1.5π and its value is -13.3 dB.
As for the H plane, the maximum value of ηx is πA/λ. The first side-lobe is near ηx = 2 and has
a value of -23 dB.
The reason why the H plane side-lobes are lower than the E plane ones is due to the fact that
the field distribution is tapered in the x direction but not in the y direction, see Fig. 4.19. As
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Rectangular horn: A/λ=2, B/λ=1

E plane φ=π/2

H plane φ=0
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Figure 4.23.

−1
sinθ cosφ

Rectangular horn field pattern, cartesian diagram, A = 2λ and B = λ.
Rectangular horn: A/λ=2, B/λ=1

smartworlD.asia
E plane

H plane

B/λ
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Figure 4.24.

Rectangular horn field pattern, standard polar diagram, A = 2λ and B = λ.

a consequence, the beamwidth is larger in the H plane than in the E plane. If the main lobe
beamwidth (between the zeros) is to be the same in the E and H planes in order to have a
rotationally symmetrical main lobe, the condition B = (2/3)A must be enforced.
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Rectangular horn: A/λ=4, B/λ=4

E plane φ=π/2

H plane φ=0
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Figure 4.25.

−1
sinθ cosφ

Rectangular horn field pattern, cartesian diagram, A = 4λ and B = 4λ.
Rectangular horn: A/λ=4, B/λ=4
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Figure 4.26.

Rectangular horn field pattern, standard polar diagram, A = 4λ and B = 4λ.

Finally, it can be shown that the aperture efficiency of horns is
νa =
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Figure 4.27.
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Horn E plane field pattern: plot of the function FE (ηy ).
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Figure 4.28.

Horn H plane field pattern: plot of the function FH (ηx ).

In this way, if the size A, B of the horn is known, the maximum gain can be easily computed from
Aeq = νa AB
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Figure 4.29.

Horn E plane field pattern: plot of the function FE (ηy ).
F (η )
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Figure 4.30.
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Horn H plane field pattern: plot of the function FH (ηx ).

Also, losses are very small and gain and directivity coincide.
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